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Abstract We use a chiral interaction at N3LO in the 1S0 channel of the nucleon-
nucleon interaction in order to investigate the on-shell transition along the similar-
ity renormalization group flow towards the infrared limit. We find a crossover at a
scale that depends on the number of grid points used to discretise the momentum
space.
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One of the most appealing features of nature is universality. Some phenom-
ena disguise themselves across many different areas where physical systems are
described by sometimes unrelated theories or models. Yet they appear recurrently
in some form.
An excellent example is the phase transition resulting from a broken symme-
try. It is observed in magnetism when the temperature of a spin chain in a two-
dimensional Ising model crosses a critical value [1]. It appears in nuclear physics
when observing rotational spectra of deformed nucleiIt [2] and it is also present
in hadron physics when the coupling between quarks in a two-flavour NJL model
exceeds a critical value [3].
In both magnetism and nuclear physics the phase transition results from the
breaking of the rotational symmetry and the corresponding Goldstone bosons are
spin waves and nuclear rotation. In hadron physics the phase transition results
from the chiral symmetry breaking and the corresponding Goldstone boson is the
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Fig. 1 Universal phase transitions: the Ising model (left) and the NJL model (right). The
critical value separates the Wigner-Weyl and Nambu-Goldstone phases. Order parameters are
normalized so that they start from one.
pion. This phenomenon is shown in Fig. 3 for both two-dimensional Ising model
(left) and two-flavour NJL model (right).
In this work we report on a similar and remarkable phase transition observed
in the similarity renormalization group flow, which is used to change and calibrate
the resolution scale of nuclear interactions to their natural values in different ap-
plications.
The evolution of an NN interaction with the SRG [4] is performed by numeri-
cally integrating the Wegner renormalization group flow equation for the potential
matrix
d Vs(p, p
′)
ds
= −(p2 − p′2)2 Vs(p, p′) + 2
pi
∫ ∞
0
dq q2
× (p2 + p′2 − 2q2) Vs(p, q) Vs(q, p′) (1)
where s = 1/λ4 and λ is the similarity cutoff. The flow equation generates a set
of isospectral interactions that approaches a diagonal form as s → ∞ (or λ → 0).
Here we explore the use of the Frobenius Norm (FN) of the potential as a measure
of the on-shellness of the interaction in order to study the on-shell transition as the
interaction undergoes the renormalization group flow through Wegners equation.
For a real self-adjoint potential, Vλ(p
′, p) = Vλ(p, p′) the FN, φλ, is defined by
means of the formula
φ2λ = ||Vλ||2 =
(
2
pi
)2 ∫ ∞
0
dq q2
∫ ∞
0
dp p2 [Vλ(p, q)]
2
. (2)
As an order parameter for the on-shell transition, we consider the derivative of the
Frobenius norm with respect to the similarity cutoff
β =
∂φ
∂λ
, (3)
and to find the transition scale we look at the derivative of the order parameter
η =
∂β
∂λ
. (4)
This procedure is same as the one used to study, e.g., the chiral (crossover) tran-
sition of QCD, where the order parameter is the chiral condensate, the running
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Fig. 2 SRG evolution of the N3LO chiral potential in the 1S0 channel towards the infrared
region of the similarity cutoff.
scale is the temperature and the transition temperature is obtained from the ther-
mal susceptibility, which is the derivative of the condensates with respect to the
temperature [5].
Since we are interested in the infrared region of the similarity cutoff, we choose
the N3LO chiral potential of Entem and Machleidt [6] due to its short tail in
momentum space which makes the SRG evolution for λ→ 0 more practical. In the
case of the N3LO potential, we can work with a maximum momentum of 4 fm−1
and N = 10, 20, 30 points for discretisation. This setup gives very reasonable values
of the two-body contribution for the Triton and Helium binding energies as we
approach typical values for the similarity cutoff. Following our previous works [7,
8,9,10], where a toy model for the nuclear force was used, we perform here the
evolution of the N3LO potential in the range 0 < λ < 2 fm−1, generating a family
of phase-equivalent effective potentials Vλ(p, p
′) partially shown in Fig. 2.
In the upper left panel of Fig. 3 we show the running of the Frobenius norm
with the similarity cutoff for different numbers of grid points. The norm drops very
rapidly till it becomes stationary, indicating the onset of the on-shell limit. The
order parameter β is displayed in the upper right panel of Fig. 3, where we observe
a clear crossover. We can locate the transition scale by looking at the derivative of
the order parameter. We call this quantity similarity susceptibility and denote
it by ηλ, in analogy to the thermal susceptibility χT of QCD. The similarity
susceptibility is shown in the lower left panel of Fig. 3, revealing the expected
behaviour for a crossover transition: a well-defined peak of the susceptibility at
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a similarity cutoff λc. As the number of grid points increases, the peaks of the
similarity susceptibility become narrower, higher and at lower λc. For N = 30 grid
points, the peak of ηλ is at λc ∼ 0.9 fm−1. The critical similarity susceptibility for
different number of grid points is displayed in the lower right panel of Fig. 3.
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Fig. 3 Frobenius norm φ (upper left), order parameter β = ∂φ
∂λ
(upper right) and similarity
susceptibility η = ∂β
∂λ
(lower left) as functions of the similarity cutoff and the critical similarity
cutoff λc as a function of the number of grid points N (lower right).
Summarising, we have studied the on-shell transition of the similarity renor-
malization group flow for a N3LO chiral potential. Our results indicate a crossover
at a critical similarity cutoff λc approximately 0.9 fm
−1, below which we can con-
sider the interaction to be on-shell. The usefulness of this observation is that in a
system with a finite size, such as the atomic nucleus, where the momentum is natu-
rally discretized, the on-shell limit is reached rather quickly. The finite momentum
resolution ∆p imposes an infrared cut-off which effectively builds the on-shell limit
for λ ∆p.
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